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We prove that a positive real number whose binary expansion is a fixed point of
a morphism on the alphabet [0, 1] that is either of constant length 2 or primitive
is either rational or transcendental.  1998 Academic Press
1. INTRODUCTION
How random are the digits of an algebraic irrational number in a given
base? A common conjectured answer to this vague question is that these
digits are ‘‘really random.’’ For example, define a normal number in base
k2 to be a real number x such that, for each integer d1, each block
of length d occurs in the k-ary expansion of x with frequency 1kd. A widely
believed conjecture is that an algebraic irrational number is a normal
number in each base k2. This conjecture is open and seems really out of
reach.
An alternative formulation of this idea is that the digits occurring in the
k-ary expansion of an algebraic irrational number cannot be obtained via
a simple algorithm. For example the Champernowne number is obtained
by concatenating the decimal expansions of the consecutive integers, i.e.,
0.1234567891011121314...
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This number, which is clearly irrational, has been proved normal in base
10 by Champernowne [2], and has been proved transcendental by Mahler
[7].
Loxton and van der Poorten [5] stated that the digits in the k-ary
expansion of an algebraic irrational number could not be generated by a
finite automaton. Unfortunatelyalthough the result is certainly true
a gap has been reported in their proof, making it non-valid in the general
case.
In this paper we prove that a positive real number whose binary expansion
is a fixed point of a morphism on the alphabet [0, 1] that is either of
constant length 2 or primitive, must be rational or transcendental. Our
proof uses three results. The first is an extension of a theorem due to
Ferenczi and Mauduit [4], which in turn is a combinatorial reformulation
of Ridout’s theorem (see [8] for example), and is used in case the real
number has an overlap in its binary expansion. An overlap is a block of the
form WWa, where a is the first letter of the word W. The second, due to
Se e bold [10, 1] gives a simple and nice characterization of the fixed points
of binary morphisms that are overlap-free. The third, proved originally by
Mahler [6] and later by Dekking [3], involves the transcendence of the
ThueMorse number, defined as the number whose binary expansion is the
fixed point beginning in 0 of the morphism 0  01, 1  10.
2. THE MAIN THEOREM
Definitions. Let A be a finite nonempty set. The set A is also called
an alphabet and its elements letters. The free monoid generated by A is
denoted by A*; it contains all words, i.e., finite strings of symbols from A,
including the empty word. The length of a word W is denoted by |W | and
is defined as the number of letters of W. The operation which makes A*
a monoid is the concatenation of words. An overlap is a word WWa, where
W is a word and a the first letter of W.
A morphism on A* is a map _ : A*  A*, such that, for any two words
V and W, one has _(VW )=_(V ) _(W ). The morphism _ is determined by
the images of the elements of A. It is said to be of constant length d if for
each a # A, one has |_(a)|=d. It is called primitive if there exists an integer
N such that for each a, b # A, the letter b occurs in the word _N(a).
A morphism on A* can be extended to a map on AN by continuity,
the set A* being equipped with the topology of simple convergence.
A sequence y # AN is called a fixed point of the morphism _ if _( y)= y. If
for some letter a # A the word _(a) begins in a and has length at least 2,
then, the sequence of words _n(a) converges to a fixed point _(a) # AN.
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We now state our main result.
Theorem 1. Let x a positive real number whose binary expansion is a
fixed point of a morphism on the alphabet [0, 1]. If the morphism is either
of constant length 2 or primitive, then the number x is either rational or
transcendental.
We begin with the following very nice result due to Se e bold [10, 1].
Theorem 2 [10]. The only overlap-free fixed points of non-trivial binary
morphisms are the ThueMorse sequence beginning in 0 and the ThueMorse
sequence beginning in 1, i.e., the two fixed points of the morphism 0  01,
1  10.
A simpler proof of this theorem has been given by Berstel and Se e bold
in [1]. Define a morphism to be overlap-free if and only if the image of any
overlap-free word is itself overlap-free. Thue [11] proved in 1912 that the
only binary overlap-free morphisms are +k and E b +k, with k0, where + is
the morphism defined by +(0)=01 and +(1)=10, and E the morphism
defined by E(0)=1 and E(1)=0. The proof of Berstel and Se e bold in [1]
consists in first showing that if a morphism h has the property that the word
h(01101001) is overlap-free, then the morphism h is either equal to +k or to
E b +k for some k0. Thue’s result can easily be deduced from this theorem.
Two other corollaries are, first that a binary morphism h is overlap-free if
and only if the word h(01101001) is overlap-free, second Se e bold’s result.
We are now ready for the proof of our main result.
Proof of Theorem 1. If the binary expansion of x does not contain an
overlap, then, applying Se e bold’s result, the sequence of binary digits of x
must be either the ThueMorse sequence beginning in 0 or the ThueMorse
sequence beginning in 1. Replacing, if necessary, x by 1&x, we can suppose
that its binary digits are given by the ThueMorse sequence beginning in 0,
i.e.,
x=0.110100110010110...
The transcendence of this number x has been proved by Mahler in [6], see
also Dekking’s proof [3]. Actuary Mahler proved (see p. 363 of [6]) that
F(:) is transcendental for every algebraic number :, with 0<|:|<1, where
F is defined by
F(z)= ‘

n=0
(1&z2n).
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The proof makes essential use of a functional equation (of ‘‘Mahler-type’’)
satisfied by F, namely
F(z)=(1&z) F(z2).
Since the sequence of coefficients of the power series F is the ThueMorse
sequence on symbols \1, the ThueMorse number 0.11010011001... is
clearly equal to
(1& 12 F(
1
2)),
and hence is transcendental.
If the binary expansion of x contains an overlap, we apply Theorem 5
below, which is an extension of a theorem of FerencziMauduit [4]. This
theorem shows that x is either rational or transcendental, and Theorem 1
is proved.
4. THE COMBINATORIAL TRANSLATION OF RIDOUT’S
THEOREM BY FERENCZIMAUDUIT, AND
AN EXTENSION OF IT
In [4] Ferenczi and Mauduit give the following combinatorial translation
of Ridout’s theorem, (see [8] for example).
Theorem 3 [4]. Let % be an irrational number, such that its k-ary
expansion begins, for every integer n # N, in 0.UnVn VnV$n , where Un is a
possibly empty word and where Vn is a non-empty word admitting V$n as a
prefix. If |Vn | tends to infinity, lim sup(|Un ||Vn | )<, and lim inf ( |V$n |
|Vn | )>0, then % is a transcendental number.
The following is an immediate consequence of Theorem 3.
Theorem 4 [4]. If the k-ary expansion of a real number % is a non-
ultimately periodic fixed point of a primitive morphism _, and contains a
word of the form V2+;, with ;>0, then the number % is transcendental.
This follows from Theorem 3 by setting Vn=_n(V). To ensure that |Vn |
tends to infinity and that the conditions on lim sup and lim inf above are
satisfied, it suffices to know that there exists a real number *>1 such that,
for every word W,
lim
n  
|_n(W)|
*n
=c(W )>0,
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where c(W ) may depend on W. This condition is well known to hold for
primitive morphisms with * equal to the PerronFrobenius eigenvalue of
the incidence matrix of _, see Proposition V.7 p. 94 in [9] for example, the
condition *>1 being satisfied for the dominant eigenvalue of a primitive
matrix with coefficients in N.
On the other hand, this expression also holds for morphisms of constant
length 2. In this case * is the length of the morphism, c(W )=|W |, and
the morphism need not be primitive.
Of course the existence of a word V2+; for some ;>0 is equivalent to
the existence of the overlap VVa where a is the first letter of V, which
finally yields the following theorem.
Theorem 5. Let % be a positive real number whose k-ary expansion is a
non-ultimately periodic fixed point of a morphism on [0, 1, ..., k&1] which
is either primitive or of constant length 2. If the expansion contains an
overlap, then % is transcendental.
Note added in proof. It is readily verified that our methods extend to all real numbers %
whose base k>1 expansion is a (nonultimately periodic) fixed point of a primitive or non-
trivial constant length morphism on a two letter alphabet. In fact, if the expansion contains
an overlap, then the transcendence of % follows immediately from Theorem 5. Otherwise, in
view of Theorem 2, the result is a consequence of the transcendence of the corresponding
ThueMorse sequence (p. 363 of [6]). A recent preprint by K. Nishioka, T.-a. Tanaka, and
Z.-Y. Wen (Substitution in Two Symbols and Transcendence) proves by different methods
that a real number whose base k expansion contains exactly two digits and is a fixed point
of a morphism satisfying a given condition is either rational or transcendental. The condition
on the morphism stated in their paper implies (but is not equvalent to) the morphism is either
primitive or of constant length. Thus their result is a consequence of ours.
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